Using region crossing changes, we define a new invariant called the multi-region index of a knot. We prove that the multi-region index of a knot is bounded from above by twice the crossing number of the knot. In addition, we show that the minimum number of generators of the first homology of the double branched cover of S 3 over the knot is strictly less than the multi-region index. Our proof of this lower bound uses Goeritz matrices.
Introduction
A region of a knot diagram D is a connected component of S 2 − |D| where |D| is the 4-regular graph obtained by forgetting the crossing information of D. A region crossing change at a region R of a knot diagram D is the transformation that changes all of the crossings in the boundary of R; see Figure 1 . Shimizu [Shi14] proved that any knot diagram D has a set of regions such that performing a region crossing change on all the regions in the set results in a diagram of the unknot, and thus region crossing change is an unknotting operation. However, region crossing change is not an unlinking operation, as one can see when considering the standard diagram of the Hopf link. In this standard diagram, each of the four regions have both crossings in their boundary, and thus changing any region flips the diagram to its mirror image. Cheng and Gao [CG12] and Cheng [Che13] classified the link diagrams for which region crossing change is an unlinking diagram. Dasbach and Russell [DR18] examined region crossing changes for link diagrams on oriented surfaces. There are even games played on knot diagrams where the moves each player makes are region crossing changes [Shi12, BCE + 17].
There are several ways to measure the difficulty of unknotting a knot using region crossing changes. Aida [Aid92] showed that every knot has a diagram such that a single region crossing change transforms the diagram into the unknot, and so just counting the minimum over all diagrams of the number of region crossing changes needed to transform a knot into the unknot is not an interesting invariant. Shimizu [Shi14] defined the region unknotting number of a knot K to be the minimum number of region crossing changes in any minimal crossing diagram of K needed to transform the diagram into a diagram of the unknot. In another direction, Tanaka [Tan17] defined the region index of a knot to be the fewest number of crossings in any region R of a diagram of K where performing a region crossing change on R results in the unknot.
In this paper, we define another invariant that measures the difficulty of unknotting via region crossing changes. Suppose that the set of regions of D is R = {R 0 , . . . , R n }, and that region R i has c(R i ) crossings in its boundary for i = 0, . . . , n. A set of unknotting regions in a knot diagram D is a set of regions of D such that performing region crossing changes on all of the regions results in This paper is the result of a summer research project in Vassar Colleges Undergraduate Research Science Institute (URSI). The second author is supported by NSF grant DMS-1811344. a diagram of the unknot. The multi-region index MRI(D) of the knot diagram D is defined as
that is the multi-region index of D is the minimum total number of crossings changed in any set of unknotting regions of D where a crossing is counted multiple times if it appears in the boundary of multiple regions in the set of unknotting regions. The multi-region index MRI(K) of a knot K is the minimum of MRI(D) over all diagrams D of K.
Region crossing change Figure 1 . A region crossing change on the shaded region. Since the diagram on the right is of the unknot, the multi-region index of the diagram on the left is two. Inequality 1.3 implies that the multi-region index of the trefoil is two.
Region index can similarly be defined on individual knot diagrams. An unknotting region R of a knot diagram D is a region of D such that the diagram obtained from a region crossing change at R of D is a diagram of the unknot. The region index Reg(D) of the diagram D is the minimum number of crossings in any unknotting region of D if an unknotting region exists and Reg(D) = ∞ otherwise. Then the region index of a knot K can be defined as Reg(K) = min{Reg(D) : D is a diagram of K}. Because an unknotting region may or may not minimize the sum in Equation 1.1, it follows that MRI(D) ≤ Reg(D) for all knot diagrams D.
The unknotting number u(D) of the knot diagram D is the minimum number of crossing changes needed to change D into a diagram of the unknot, and the unknotting number of the knot K is the minimum of u(D) over all diagrams D of K. From the definition of multi-region index, it follows that u(D) ≤ MRI(D) for all knot diagrams D. Putting the two previous inequalities together and minimizing over all diagrams yields the following inequality that holds for any knot K:
If R is a region that contains just one crossing in its boundary, then a region crossing change of D at R trades one type of Reidemeister 1 twist for the other, as in Figure 2 . Hence for any nontrivial knot K,
Since each crossing is in the boundary of four regions, a naive upper bound on the multi-region index of a knot K is 4c(K) where c(K) is the crossing number of K. Our first main result improves this upper bound on the multi-region index of a knot.
Theorem 1.1. Let K be a knot with crossing number c(K). Then MRI(K) ≤ 2c(K). Define mg 2 (K) to be the minimum number of generators in the first homology of the 2-fold cyclic branched cover of S 3 over K. We compute mg 2 (K) using the Goeritz matrix of a knot diagram; the quantity mg 2 (K) is the number of entries that are greater than one on the diagonal of the Smith normal form of the Goeritz matrix of any diagram of K. See Section 3 for more details. Tanaka [Tan17] proved that mg 2 (K) < Reg(K). Our second main theorem is a version of Tanaka's result for the multi-region index.
Theorem 1.2. For any knot K, mg 2 (K) < MRI(K).
The proof of Theorem 1.2 follows from an examination of the behavior of Goeritz matrices under crossing changes and region crossing changes. In Section 4, we use Theorem 1.2 to show that for any integer n ≥ 2, there is a knot K n such that MRI(K n ) = n. Additionally, we compute MRI(K) for many knots with 9 or fewer crossings. This paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3, we use the Goeritz matrix of a knot to prove Theorem 1.2. Finally, in Section 4, we compute the multi-region index of some interesting examples and discuss future directions.
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An upper bound on MRI(K)
In this section, we prove Theorem 1.1 giving an upper bound for the multi-region index of a knot. A key idea of the proof involves the checkerboard shading of a knot diagram. A checkerboard shading of a knot diagram is an assignment to each region of a color black or white such that no two regions that share an edge in their boundaries are colored the same. Our convention is to assign the unbounded face the color white, and with this convention, the checkerboard shading of a knot diagram is unique. Figure 3 It is possible that a better upper bound than 2c(K) exists for the multi-region index of a knot. As the proof of Theorem 1.1 shows, if D and D ′ are two diagrams with the same projection (i.e. |D| = |D ′ |), then it is possible to transform D into D ′ via a sequence of region crossing changes where the total number of crossings in the boundary of the regions being changed is at most 2c(D). So the fact that D ′ is a diagram of the unknot is not used in a crucial way in our proof. Perhaps finding a better upper bound for the multi-region index of a knot will make use of this fact.
3. The Goeritz matrix and mg 2 (K)
In this section, we recall the construction of the Goeritz matrix of a knot diagram, show how to use the Goeritz matrix to compute mg 2 (K), and prove Theorem 1.2.
Let K be a knot with diagram D. Checkerboard shade the regions in D so that regions sharing a crossing, but not a side, are shaded. Let R 0 , . . . , R m be the shaded regions. The index of a crossing ζ(c) is the value of ±1, as shown in Figure 6 . 
The invariant mg 2 (K) is computed from the Smith normal form of the Goeritz matrix G D . There are invertible m × m matrices S and T with integer entries such that
where each α k is a positive integer satisfying α k |α k+1 for 1 ≤ k < r. The matrix SG D T is called the Smith normal form of G D . A matrix can be transformed into its Smith normal form via a sequence of the following row and column operations: i. replacing row or column i with i + tj, where j is another row or column respectively and t is an integer, ii. switching rows and columns, and iii. scaling rows or columns by ±1.
The Goeritz matrix is a presentation matrix for the first homology of branched double cover of S 3 along K, and therefore mg 2 (K) is the number of entries on the diagonal of the Smith normal form of G D that are greater than one. For example, the Smith normal form of the Goeritz matrix G D for the diagram in Figure 7 is
and thus mg 2 (K) = 2 for the knot in Figure 7 .
Wendt [Wen37] proved that mg 2 (K) ≤ u(K) for any knot K. We prove the following related result using Goeritz matrices.
Theorem 3.1. If J and K are knots with diagrams D J and D K that differ by a single crossing change, then |mg 2 (J) − mg 2 (K)| ≤ 1.
Proof. Suppose that c is the crossing in D J that when changed produces the diagram D K . A local isotopy near the crossing c can transform the diagram as in Figure 8 , and so we assume that D J is a diagram that looks like the diagram on the right of Figure 8 near the crossing c. The diagram D J can be checkerboard shaded so that ζ(c) = −1 in D J and ζ(c) = 1 in D K .
Assume mg 2 (K) = m and mg 2 (J) = n. The Goeritz matrices of D K and D J have the following forms:
A sequence of row and column operations transforms G D K into
The same sequence of row and column operations transforms G D J into
Since mg 2 (K) = n, we can transform
where α i > 1 for 1 ≤ i ≤ n. Therefore, m = mg 2 (J) ≤ n + 1. A similar argument shows that mg 2 (K) ≤ m + 1. Since m ≤ n + 1 and n ≤ m + 1, it follows that |n − m| ≤ 1. Figure 8 . An isotopy near the crossing c makes the Goeritz matrices of D J and D K have the desired format.
Tanaka [Tan17] proved the following theorem about mg 2 (K) and the region index of a knot.
Theorem 3.2 (Tanaka). For any knot K, mg 2 (K) < Reg(K).
Theorems 3.1 and 3.2 are now used to prove Theorem 1.2.
Proof of Theorem 1.2. Let D be a diagram of K such that MRI(D) = MRI(K). Then D contains a set of unknotting regions {R i 1 , . . . , R i k } such that
where c(R i j ) is the number of crossings in the boundary of the region R i j . Let D 1 be the diagram obtained from D by performing region crossing changes on R i 1 , . . . , R i k−1 , and let K 1 be the knot with diagram D 1 . Then R i k is an unknotting region of D 1 with c(R i k ) crossings in its boundary, and thus Reg(K 1 ) ≤ c(R i k ). Theorem 3.2 implies that mg 2 (K 1 ) <
The diagram D can be obtained from the diagram D 1 via k−1 j=1 c(R i j ) crossing changes. Theorem 3.1 implies that
Computations and open questions
In this section, we compute the multi-region index for some interesting families of knots. We also discuss some natural open questions related to the multi-region index.
In the following example, we show there is an infinite family of knots K i each with a pair of minimal crossing diagrams D i and D ′ i such that the multi-region index of D i is different than the multi-region index of D ′ i (and likewise for the region indices of D i and D ′ i ). The diagrams D i and D ′ i can be transformed into one another via a flype. The unknotting number of a diagram is preserved by flyping, but the following example shows the same is not true for the region index and multi-region index of a diagram.
Example 4.1. For each positive integer i, define K i to be the knot with diagrams D i and D ′ i , as depicted in Figure 9 . There are 2i + 1 crossings in the twist regions of D i and D ′ i , and the knot K 0 is 8 15 . In each diagram, the shaded region is an unknotting region. One can show that these shaded regions minimize the sum in Equation 1.1 by performing region crossing changes on sets of regions with fewer crossings, computing the determinant of the resulting knot, and seeing that those determinants are not one. Therefore, MRI( Tanaka [Tan17] found an infinite family of knots K n where n is a positive integer such that the region index of K n is n + 1. We remark that the same techniques yields MRI(K n ) = n + 1.
Example 4.2. Let T 2,3 denote the (2, 3)-torus knot, i.e. the right-handed trefoil, and let T 2,−3 denote the (2, −3)-torus knot, i.e. the left-handed trefoil. If n = 2k is even, define K n = kT 2,3 #kT 2,−3 , that is K n is the connected sum of k copies of T 2,3 and k copies of T 2,−3 . If n = 2k + 1 is odd, then let K n = (k + 1)T 2,3 #kT 2,−3 . Tanaka showed that mg 2 (K n ) = n and that Reg(K n ) = n + 1. Therefore MRI(K n ) = n + 1.
In the following example, we use Inequality 1.2 to compute the multi-region index of many two-stranded torus knots. See Figures 11 and 12 for the specific examples of T 2,3 , T 2,5 , and T 2,9 (knots 3 1 , 5 1 , and 9 1 respectively).
The following example shows that there is a diagram where the region index and the multi-region index are finite and the multi-region index is strictly less than the region index. Because mg 2 (K) ≤ u(K) ≤ MRI(K) and mg 2 (K) < MRI(K) are our main tools for computing the multi-region index of a knot, it is difficult to find knots whose unknotting number and multiregion index are far apart.
Question 4.6. Can the differences MRI(K) − u(K) and Reg(K) − u(K) be arbitrarily far apart?
Example 4.7. Theorem 1.2, Inequality 1.2, and the fact that 1 < MRI(K) allows us to compute the multi-region index of 26 of the 84 nontrivial prime knots with nine or fewer crossings. In Figures  11 and 12 , we shade the regions where region crossing changes should be performed to obtain the unknot. If the multi-region index of a diagram is two, then it is automatically minimal. If the multiregion index of a diagram is greater than two and we can conclude it is minimal via Inequality 1.2, that is if u(K) = MRI(K), then we mark that computation with a dagger †. Similarly, if the multi-region index of a diagram is greater than two and we can conclude it is minimal via Theorem 1.2, that is if mg 2 (K) + 1 = MRI(K), then we mark that computation with an asterisk * .
In order to compute the region index and the multi-region index of more knots, it would be useful to have more lower bounds. One potential lower bound comes from the n-fold cyclic branched cover of S 3 along K. Let mg n (K) be the minimum number of generators of the first homology of the n-fold cyclic branched cover of S 3 along K. Wendt [Wen37] proved that the unknotting number u(K) has lower bound given by mgn(K) n−1 ≤ u(K). Figure 12 . The multi-region index of small knots. If u(K) = MRI(K), then the entry is marked with †. If mg 2 (K) + 1 = MRI(K), then the entry is marked with * .
